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Abstract. In this paper are given explicit calculations of Laplace oper-
ator spectrum for smooth real/complex-valued functions on all connected
compact simple rank three Lie groups with biinvariant Riemannian metric
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Introduction
In paper [1] are studied the spectrum of the Laplace(-Beltrami) operator on
smooth real-valued functions defined on compact normal homogeneous Riemann-
ian manifolds. It was shown that in some sense this problem could be reduced to
considerations of compact simply connected (connected) simple Lie groups G with
biinvariant (i.e. invariant relative to left and right shifts) Riemannian metric ν. In
the last case it is suggested an algorithm for the search of Laplacian spectrum via
representations of Lie algebras of Lie groups G.
In addition, it is proved that elements of irreducible matrix real representations r
of the Lie group G are eigenfunctions of the Laplacian, corresponding one and the
same eigenvalue λr ≤ 0, moreover λr = 0 if and only if r(G) = {(1)}. Such functions
constitute a basis F for all real eigenfunctions of the Laplacian.
The spectrum of the Laplace operator on (G, ν) is expressed by dimensions dr of
representations r, dimensions m of the Lie group G, the scalar product ν(e) on the
Lie algebra g of the Lie group G and associated to real representations ρ = dr(e) of
the Lie algebra g a bilinear symmetric form kρ. Some description of all irreducible
real representations ρ of a real simple Lie algebra g via irreducible complex repre-
sentations of complex hull k of g is obtained in book [2] by A.L. Onishchik and is
presented in article [1]. Any irreducible complex representation of the Lie algebra k
is defined by its highest weight Λ. Its dimension could be calculated via Λ by known
formula of H. Weyl. There exists formula which permits to calculate λr by corre-
sponding highest weight Λ and ν(e). In common these formulas give an algorithm
of calculation of the spectrum of the Laplacian for real-valued functions on (G, ν).
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In paper [3] is formulated an improved algorithm, by means of whom and usage
of results in number theory and theory of binary quadratic forms with integer co-
efficients are given explicit calculations of the Laplacian spectrum for all compact
simply connected simple rank two Lie groups. The improving of algorithm consisted
mainly in the passage to complex case under calculation of multiplicity of eigenvalues
of the Laplacian.
In work [4] the search algorithm for Laplacian spectrum from [3] is generalized
to non simply connected case, i.e. it is considered the case of arbitrary compact
connected simple Lie group G. In [4] is calculated also Laplacian spectrum for all
compact connected simple Lie groups with ranks one and two.
Lie groups with biinvariant Riemannian metric are partial cases of Riemannian
symmetric spaces. In article [5] is given a detailed survey of known methods for cal-
culation of Laplace-Beltrami operator spectrum for real-valued and complex-valued
smooth functions on compact connected normal homogeneous Riemannian mani-
folds. These methods are especially effective for compact normal homogeneous Rie-
mannian manifolds with positive Euler characteristic and compact simply connected
irreducible Riemannian symmetric spaces.
In paper [6] by simple method, using Hopf fibrations and trigonometric formu-
las of spherical geometry, are found eigenvalues of Laplacian for smooth real-valued
functions and corresponding spherical functions for all simply connected CROSS’es
(compact rank one Riemannian symmetric spaces). Also in [6] are found direct
connections of these functions to special functions such as hypergeometric finite
Gauss series, Jacobi polynomials and orthogonal polynomials, including ultraspher-
ical Gegenbauers polynomials, which in turn include Legendre polynomials and
Chebyshev polynomials of the first and the second kind.
In our paper by means of the search algorithms for Laplacian spectrum from [3]
and [4] we conduct explicit calculations of Laplacian spectrum for smooth real- or
complex-valued functions on all compact connected simple rank three Lie groups
with biinvariant Riemannian metric and set a connection of obtained formulas to
the number theory and integer ternary and binary quadratic forms.
1. Preliminaries
Let G be a compact connected simple Lie group with biinvariant Riemannian
metric ν. The set Spec(G, ν) of all eigenvalues of Laplace-Beltrami operator ∆ on
smooth real-valued functions defined on (G, ν) with taking into account of multiplic-
ity of eigenvalues, i.e. dimension of spaces of corresponding eigenfunctions, is called
the spectrum of Laplace operator. In work [1] are presented some general notions
and results on Laplace-Beltrami operator, i.e. its eigenvalues and eigenfunctions on
Riemannian C∞-manifolds. In particular, the spectrum of Lie group (G, ν) can be
presented as follows:
(1) Spec(G, ν) = {0 = λ0 > λ1 ≥ λ2 ≥ . . .}.
The Laplacian is naturally generalized onto complex-valued functions.
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Definition 1. Bilinear (symmetric) form kρ on a Lie algebra g defined by formula
kρ(u, v) = trace(ρ(u)ρ(v)), u, v ∈ g,
is said to be the form associated with a representation ρ of g. The form kad, where
ad(u)(v) := [u, v] is the adjoint representation of Lie algebra g, is called the Killing
form of Lie algebra g.
Remark 1. A compact connected Lie group G is simple if and only if its Lie algebra
g is simple, which is equivalent to irreducibility of the adjoint representation ad. In
addition for any irreducible non-zero representation ρ of the Lie algebra g the form
kρ is negatively defined and is proportional to the scalar product ν.
Theorem 1.2 and corollary 1.2 of paper [3] implies the following statement.
Proposition 1. If (G, ν) is a compact connected simple m-dimensional Lie group
with biinvariant Riemannian metric ν such that ν(e) = −kad then for the adjoint
representation Ad the Lie group G:
(2) λAd = −1, dim Ad = dAd = m.
Omitting details, let us remind that a (simple) Lie algebra g defines the root
system Γ as some subset of the dual space t(R)∗ to real form t(R) of the Cartan
subalgebra t of complex span k of the Lie algebra g. Subsystems Γ+ ⊂ Γ of positive
roots and Π = {α1, . . . , αl} ⊂ Γ+ of positive (linearly independent) simple roots are
defined by some natural way. The pair (t(R), (·, ·)) is a real Euclidean space, where
(·, ·) := kad |t(R) is the restriction of the Killing form kad of the Lie algebra g to the
subspace t(R). Preserving the same notation the form (·, ·) can be transfer to the
dual space t(R)∗. More detailed information on the root and weight systems of Lie
algebras is contained in § 5 [1] or in § 1 [3] as well as in book [7].
Let us define function {·, ·} in the following way: for α 6= 0, β ∈ t(R)∗
{β, α} := 2(α, β)
(α, α)
.
It is known that if α, β ∈ Γ then {β, α} ∈ Z. The fundamental weights ω¯1, . . . , ω¯l of
a Lie algebra g are uniquely defined by the following relations:
(3) {ω¯i, αj} = δij, where δij − the Kronecker symbol, 1 ≤ i, j ≤ l.
Let us present the following result of E. Cartan (see [8]).
Proposition 2. The sets of weights Λ(g) and highest weights Λ+(g) of all irre-
ducible complex representations of complex span k of a simple Lie algebra g with the
fundamental weights ω¯1, . . . , ω¯l are given by the following way:
Λ(g) = {Λ ∈ t(R)∗ | Λ =
l∑
i=1
Λiω¯i, where Λi ∈ Z},
Λ+(g) = {Λ ∈ t(R)∗ | Λ =
l∑
i=1
Λiω¯i, where Λi ∈ Z and Λi ≥ 0}.
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In addition, up to equivalence, an irreducible complex representation of Lie algebra
g is defined by its highest weight Λ ∈ Λ+(g).
The search algorithm of Laplacian spectrum on a Lie group (G, ν) is contained
in consideration of all irreducible complex representations and calculation of eigen-
values of the Laplacian and their multiplicities via highest weights of these rep-
resentations. For a simply connected Lie group (G, ν) the set of highest weights
coincides with the set Λ+(g) of its Lie algebra g from proposition 2. In general case
of connected simple Lie group G with biinvariant Riemannian metric ν the search of
Laplacian spectrum reduces to the search of its highest weights Λ+(G) of irreducible
complex representations.
The root system Γ given on the space t(R)∗ of Lie algebra g with simple roots
α1, . . . , αl defines two closed subgroups Λ0(Γ) and Λ1(Γ) of the group t(R)∗ with
respect to addition: Λ0(Γ) is lattice generated by the system Γ, i.e.
Λ0(Γ) =
{
β ∈ t(R)∗ ∣∣ β = l∑
j=1
njαj, nj ∈ Z, j = 1, . . . , l
}
,
Λ1(Γ) is subgroup which is dual to the system Γ relative to function {·, ·}:
Λ1(Γ) =
{
β ∈ t(R)∗ ∣∣ {β, αj} ∈ Z, j = 1, . . . , l}.
It follows from relations (3) that Λ1(Γ) coincides with the lattice Λ(g) from propo-
sition 2, i.e. it is generated by the fundamental weights:
Λ1(Γ) = Λ(g) =
{
β ∈ t(R)∗ ∣∣ β = l∑
j=1
njω¯j, nj ∈ Z, j = 1, . . . , l
}
.
The set of all weights Λ(G) of Lie group (G, ν) is called characteristic lattice of
Lie group G. Let us present the most important properties of characteristic lattice
from work [9] and appendix by A.L. Onishchik in book [10].
Proposition 3. Let G be a compact connected Lie group with the root system Γ.
Then characteristic lattice Λ(G) is connected with lattices Λ0(Γ) and Λ1(Γ) by the
following relations:
(4) Λ0(Γ) ⊆ Λ(G) ⊆ Λ1(Γ),
in addition, in this sequence of additive subgroups of the group t(R)∗ every preceding
group is a subgroup of the next one, and
Λ1(Γ)/Λ(G) ∼= pi1(G), Λ(G)/Λ0(Γ) ∼= C(G),
where pi1(G) is the fundamental group of G, while C(G) is the center of the Lie group
G. Moreover, for any additive subgroup Λ of the group t(R)∗, satisfying the relation
(4), there exists a unique up to isomorphism Lie group G, whose characteristic lattice
Λ(G) coincides with Λ.
Let us consider the family of compact connected simple Lie groups with Lie algebra
g, which has a root system Γ. In consequence of proposition 3 this family, up
to isomorphisms of Lie groups, coincides with the family of all possible lattices
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of maximal rank, satisfying the relation (4). Thus, maximal fundamental group
Λ1(Γ)/Λ0(Γ) plays the main role in classification of simple Lie groups with given
(simple) Lie algebra. Let us present all maximal fundamental groups for simple
(non-abelian) Lie algebras from appendix by A.L.Onishchik in book [10]:
Type Γ Al Bl, Cl, E7 D2s D2s+1 E6 E8, F4, G2
Λ1(Γ)/Λ0(Γ) Zl+1 Z2 Z2 ⊕ Z2 Z4 Z3 0
Table 1. Maximal fundamental groups
We get from proposition 3 the following
Corollary 1. Let maximal fundamental group Λ1(Γ)/Λ0(Γ) of Lie algebra g has
prime order. Then the family of non-isomorphic compact connected Lie groups with
Lie algebra g consists of two groups: simply connected Lie group G1 with the center
Λ1(Γ)/Λ0(Γ) and weight lattice Λ1(Γ), coinciding with weight lattice of Lie algebra
Λ(g), and Lie group G0 without center, with fundamental group Λ1(Γ)/Λ0(Γ) and
weight lattice Λ0(Γ).
We see from description of all irreducible root systems in Tables I–IX from [7]
that there are only three irreducible systems of rank three: A3 ∼= D3, B3 и C3. We
get from table 1 above, proposition 3, as well as from the argument after theorem 3
in appendix by A.L. Onishchuk in book [10] and main characterizations of classical
matrix Lie groups the following proposition.
Proposition 4. The list of Lie groups, corresponding to root systems A3, B3, and
C3 looks as follows:
Lie group G Γ Λ(G) pi1(G) C(G) dimG
SU(4) A3 Λ1 0 Z4 15
SU(4)/(±E4) A3 Λ, where Λ0 ( Λ ( Λ1 Z2 Z2 15
PSU(4) := SU(4)/C(SU(4)) A3 Λ0 Z4 0 15
Spin(7) B3 Λ1 0 Z2 21
SO(7) B3 Λ0 Z2 0 21
Sp(3) C3 Λ1 0 Z2 21
PSp(3) := Sp(3)/C(Sp(3)) C3 Λ0 Z2 0 21
Table 2. Compact connected simple rank three Lie groups
The usage of above stated properties of characteristic lattice permits to present
the calculation algorithm of Laplacian spectra of all Lie groups (G, ν) with fixed Lie
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algebra, stated in [4] (see corollary 5), using tables I–IX from [7], where ρ denotes
the vector β.
Theorem 1. To calculate Laplacian spectra for all compact connected simple Lie
groups G with simple Lie algebra g with root system Γ and biinvariant Riemannian
metric ν satisfying condition ν(e) = −γkad, where γ > 0, one needs to fulfil the
following actions:
1) calculate expression b = 〈α˜ + β, α˜ + β〉 − 〈β, β〉, where α˜ is highest (maxi-
mal) root, assuming that relative to scalar product 〈·, ·〉 (on t(R)) vectors i from
corresponding table in [7] are mutually orthogonal and unitary;
2) take scalar product (·, ·) = 1
b
〈·, ·〉;
3) find the fundamental weights ω¯1, . . . , ω¯l of the Lie algebra g of the Lie group G
(if g has rank l) by corresponding table from [7];
4) for any highest weight Λ ∈ Λ+1 (Γ), i.e for any Λ =
l∑
i=1
Λiω¯i, where Λi ∈ Z and
Λi ≥ 0 for i = 1, . . . , l, find eigenvalue λ(Λ) of the Laplace operator, corresponding
to highest weight Λ, by formula
(5) λ(Λ) = −1
γ
[
〈Λ + β,Λ + β〉 − 〈β, β〉
]
and dimension d(Λ+β) of irreducible complex representation of complex span of the
Lie algebra g with highest weight Λ by formula
(6) d(Λ + β) =
∏
α∈Γ+
(Λ + β, α)
(β, α)
;
5) for any lattice Λ, satisfying relation Λ0(Γ) ⊆ Λ ⊆ Λ1(Γ), where Λ0(Γ) and
Λ1(Γ) are lattices generated by simple roots and fundamental weights, obtained in
p. 1) and p. 3) respectively, G is Lie group with Lie algebra g, corresponding to
characteristic lattice Λ = Λ(G), fulfil the following three actions:
6) find the set of highest weights Λ+(G) = Λ(G) ∩ Λ+1 (Γ), defining it via funda-
mental weights ω¯1, . . . , ω¯l;
7) for any highest weight Λ ∈ Λ+(G) find from p. 4) eigenvalue λ(Λ) and di-
mension d(Λ + β) of irreducible complex representation corresponding to the weight
Λ;
8) find multiplicity of any eigenvalue λ = λ(Λ) by formula
(7) σ(λ) =
∑
Λ:λ(Λ)=γλ
∏
α∈Γ+
(
(Λ + β, α)
(β, α)
)2
,
obtaining in this way the spectrum Spec(G, ν) of the Lie group G, corresponding to
characteristic lattice Λ(G).
Thus, we get all spectra Spec(G, ν) of Lie groups G with Lie algebra g and metric
ν.
Remark 2. In formulas (6) and (7) applied in p. 4) and p. 8) of theorem 1 we can
use instead of (·, ·) every scalar product proportional to it, in particular, 〈·, ·〉 from
p. 1 of theorem 1.
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Using theorem 1 we shall find in next sections Laplacian spectra of all compact
connected simple rank three Lie groups given in table 2 above.
2. Calculation of Laplacian spectrum for Lie groups
SU(4), SU(4)/(±E4), and SU(4)/C(SU(4))
Remark 3. Notice that C(SU(4)) ⊂ SU(4) is cyclic subgroup of 4-th order gen-
erated by matrix iE4, where E4 is unit (4 × 4)-matrix. Isomorphism A3 ∼= D3
implies isomorphisms of Lie groups SU(4) ∼= Spin(6), SU(4)/(±E4) ∼= SO(6),
SU(4)/C(SU(4)) ∼= SO(6)/(±E6).
By table 2, to Lie groups under consideration corresponds the root system A3.
We apply table I from [7]. Simple roots are α1 = ε1− ε2, α2 = ε2− ε3, α3 = ε3− ε4;
maximal root is α˜ = α1 +α2 +α3 = ε1−ε4. Positive roots are ε1−ε2, ε2−ε3, ε3−ε4,
ε1−ε3, ε2−ε4, ε1−ε4. The sum of positive roots is equal to 2β = 3ε1 +ε2−ε3−3ε4,
whence
(8) β =
3ε1 + ε2 − ε3 − 3ε4
2
, α˜ + β =
5ε1 + ε2 − ε3 − 5ε4
2
.
We act according to algorithm suggested in theorem 1.
1) b = 〈α˜ + β, α˜ + β〉 − 〈β, β〉 = 13− 5 = 8.
2) (·, ·) = 1
8
〈·, ·〉.
3) Fundamental weights have the following form
ω¯1 =
3ε1 − ε2 − ε3 − ε4
4
, ω¯2 =
ε1 + ε2 − ε3 − ε4
2
, ω¯3 =
ε1 + ε2 + ε3 − 3ε4
4
.
It is easy to see that
α1 = 2ω¯1−ω¯2, α2 = 2ω¯2−ω¯1−ω¯3, α3 = 2ω¯3−ω¯2, α˜ = ω¯1+ω¯3, β = ω¯1+ω¯2+ω¯3.
4) Let Λ =
3∑
i=1
Λiω¯i, where Λi ∈ Z, Λi ≥ 0, i = 1, 2, 3. Then
Λ + β =
3∑
i=1
(Λi + 1)ω¯i =
3∑
i=1
νiω¯i =
(9)
=
1
4
[(3ν1 + 2ν2 + ν3)ε1 + (−ν1 + 2ν2 + ν3)ε2 + (−ν1 − 2ν2 + ν3)ε3 − (ν1 + 2ν2 + 3ν3)ε4] ,
where
νi = Λi + 1, νi ∈ N, i = 1, 2, 3.
By formula (5), eigenvalue λ(Λ), corresponding to highest weight Λ, is equal to
λ(Λ) = − 1
8γ
[〈Λ + β,Λ + β〉 − 〈β, β〉] =
= − 1
128γ
(
(3ν1 + 2ν2 + ν3)
2 + (−ν1 + 2ν2 + ν3)2 + (−ν1 − 2ν2 + ν3)2 + (ν1 + 2ν2 + 3ν3)2 − 80
)
.
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After routine calculations we get that
(10) λ(Λ) = − 1
32γ
(
(ν1 + 2ν2 + ν3)
2 + 2ν21 + 2ν
2
3 − 20
)
.
Calculation by formula (6) of dimension d(Λ + β) of representation ρ(Λ) corre-
sponding to highest weight Λ gives
d(Λ + β) =
(Λ + β, ε1 − ε2)
(β, ε1 − ε2) ·
(Λ + β, ε2 − ε3)
(β, ε2 − ε3) ·
(Λ + β, ε3 − ε4)
(β, ε3 − ε4) ×
×(Λ + β, ε1 − ε3)
(β, ε1 − ε3) ·
(Λ + β, ε2 − ε4)
(β, ε2 − ε4) ·
(Λ + β, ε1 − ε4)
(β, ε1 − ε4) .
On the ground of (8) and (9),
(Λ + β, ε1 − ε2)
(β, ε1 − ε2) = ν1,
(Λ + β, ε2 − ε3)
(β, ε2 − ε3) = ν2,
(Λ + β, ε3 − ε4)
(β, ε3 − ε4) = ν3,
(Λ + β, ε1 − ε3)
(β, ε1 − ε3) =
ν1 + ν2
2
,
(Λ + β, ε2 − ε4)
(β, ε2 − ε4) =
ν2 + ν3
2
,
(Λ + β, ε1 − ε4)
(β, ε1 − ε4) =
ν1 + ν2 + ν3
3
.
Therefore
(11) d(Λ + β) =
1
12
ν1ν2ν3(ν1 + ν2)(ν2 + ν3)(ν1 + ν2 + ν3).
Remark 4. It follows from (10) and (11) that λ(Λ) = 0 ⇔ Λ = 0 ⇔ νi = 1,
i = 1, 2, 3, and hence, the multiplicity σ(λ(0)) = d2(0 + β) = 1, what corresponds to
formula (1). In addition, on the ground of proposition 1, the highest weight of the
adjoined representation Ad is the maximal root α˜ = α1 + α2 + α3 = ω¯1 + ω¯3, for
which ν1 = ν3 = 2 и ν2 = 1. Therefore eigenvalue and dimension of representation
Ad can be calculated as follows:
λAd = λ(α˜) = − 1
32γ
(36 + 8 + 8− 20) = −1
γ
,
dim Ad = d(α˜ + β) =
2 · 2 · 3 · 3 · 5
12
= 15,
what corresponds to formula (2) for γ = 1 with taking into account the equality
dim SU(4) = 15 from Table 2.
5) Simple roots and fundamental weights indicated above generate respective lat-
tices Λ0(A3) and Λ1(A3), i.e.
(12)
Λ0(A3) =
{
3∑
i=1
Ψiαi
∣∣∣ Ψ1,Ψ2,Ψ3 ∈ Z} , Λ1(A3) = { 3∑
i=1
Λiω¯i
∣∣∣ Λ1,Λ2,Λ3 ∈ Z} .
After expressing roots via fundamental weights
α1 = 2ω¯1 − ω¯2, α2 = −ω¯1 + 2ω¯2 − ω¯3, α3 = −ω¯2 + 2ω¯3
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Figure 1. The sets of highest weights of Lie groups, corresponding
to the root system A3
and the change of variables
Ψ1 = Ω1 + Ω3,
Ψ2 = Ω1 + 2Ω3,
Ψ3 = Ω1 − Ω2 + 3Ω3
⇔

Ω1 = 2Ψ1 −Ψ2,
Ω2 = −Ψ1 + 2Ψ2 −Ψ3,
Ω3 = −Ψ1 + Ψ2
the lattice Λ0(A3) takes the following view
(13) Λ0(A3) = {Ω1(ω¯1 + ω¯3) + Ω2(ω¯2 − 2ω¯3) + 4Ω3ω¯3 | Ω1,Ω2,Ω3 ∈ Z}.
Also under the change of variables
Λ
′
3 = Λ3 + 2Λ2 − Λ1 ⇔ Λ3 = Λ1 − 2Λ2 + Λ
′
3
the lattice Λ1(A3) takes the following form
(14) Λ1(A3) = {Λ1(ω¯1 + ω¯3) + Λ2(ω¯2 − 2ω¯3) + Λ′3ω¯3 | Λ1,Λ2,Λ
′
3 ∈ Z}.
It follows from (13) and (14) that Λ0(A3) ⊂ Λ1(A3) and Λ1(A3)/Λ0(A3) ∼= Z4 and
there exists a lattice Λ(A3), for which Λ0(A3) ( Λ(A3) ( Λ1(A3), of the following
form
(15) Λ(A3) = {Ω1(ω¯1 + ω¯3) + Ω2(ω¯2 − 2ω¯3) + 2Ω3ω¯3 | Ω1,Ω2,Ω3 ∈ Z}.
Lie groups, corresponding to these characteristic lattices, are given in table 2. The
sets of highest weights, corresponding to these lattices, are depicted on figure 1
above.
a) Let us present formulas for Laplacian spectrum of the Lie group SU(4).
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6a) By formula (12) we get the following set of highest weights of Lie group SU(4)
Λ+(SU(4)) = Λ+1 (A3) =
{
3∑
i=1
Λiω¯i
∣∣∣ Λi ∈ Z, Λi ≥ 0, i = 1, 2, 3} .
7a) Set Λ =
3∑
i=1
Λiω¯i ∈ Λ+(SU(4)), then by p. 4) eigenvalue λ(Λ) and dimension
d(Λ + β) are calculated by formulas (10) and (11) respectively, where νi = Λi + 1,
νi ∈ N, i = 1, 2, 3.
8a) Applying formula (7) and results of preceding point, we get the following
multiplicity of eigenvalue λ(Λ)
σ(Λ) =
1
144
∑
Ξ1
ν21ν
2
2ν
2
3(ν1 + ν2)
2(ν2 + ν3)
2(ν1 + ν2 + ν3)
2,
where
(16) Ξ1 = {(ν1, ν2, ν3) ∈ N3 | (ν1 + 2ν2 + ν3)2 + 2ν21 + 2ν23 = 20− 32γλ}.
The least by modulus non-zero eigenvalue of Laplacian is equal to − 15
32γ
and
corresponds to irreducible complex representations of the Lie group SU(4) with
highest weights ω¯1 and ω¯3. Dimensions of these representations are equal to 4.
Therefore the multiplicity of the eigenvalue − 15
32γ
is equal to 42 + 42 = 32.
b) Let us give formulas for Laplacian spectrum of the Lie group SU(4)/(±E4),
where E4 is unit matrix of the fourth order.
6b) By formula (15), we get the following set of highest weights of the Lie group
SU(4)/(±E4)
Λ+(SU(4)/Z2) = Λ(A3) ∩ Λ+1 (A3) = {Ω1ω¯1 + Ω2ω¯2 + (Ω1 − 2Ω2 + 2Ω3)ω¯3 |
Ω1,Ω2,Ω3 ∈ Z, Ω1 ≥ 0, Ω2 ≥ 0, Ω1 − 2Ω2 + 2Ω3 ≥ 0}.
7b) Set Λ = Ω1ω¯1 + Ω2ω¯2 + (Ω1 − 2Ω2 + 2Ω3)ω¯3 ∈ Λ+(SU(4)/(±E4)), then by
p. 4) eigenvalue λ(Λ) and dimension d(Λ + β) are calculated by formulas (10) and
(11) respectively, where ν1 = Ω1 + 1, ν2 = Ω2 + 1, ν3 = Ω1 − 2Ω2 + 2Ω3 + 1, νi ∈ N,
i = 1, 2, 3, ν3 ≡ ν1(mod 2).
8b) Applying formula (7) and results of preceding point, we get the following
multiplicity of the eigenvalue λ(Λ)
σ(Λ) =
1
144
∑
Ξ2
ν21ν
2
2ν
2
3(ν1 + ν2)
2(ν2 + ν3)
2(ν1 + ν2 + ν3)
2,
where
(17)
Ξ2 = {(ν1, ν2, ν3) ∈ N3 | (ν1 + 2ν2 + ν3)2 + 2ν21 + 2ν23 = 20− 32γλ, ν3 ≡ ν1(mod 2)}.
The least by modulus non-zero eigenvalue of Laplacian is equal to − 5
8γ
and cor-
responds to irreducible complex representation of the Lie group SU(4)/(±E4) with
highest weight ω¯2. The dimension of this representation is equal to 6. Then the
multiplicity of the eigenvalue − 5
8γ
is equal to 62 = 36.
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c) Let us give formulas for Laplacian spectrum of the Lie group SU(4)/C(SU(4)).
6c) By formula (13), we get the set of highest weights of the Lie group SU(4)/C(SU(4))
Λ+(SU(4)/C(SU(4))) = Λ0(A3) ∩ Λ+1 (A3) = {Ω1ω¯1 + Ω2ω¯2 + (Ω1 − 2Ω2 + 4Ω3)ω¯3 |
Ω1,Ω2,Ω3 ∈ Z, Ω1 ≥ 0, Ω2 ≥ 0, Ω1 − 2Ω2 + 4Ω3 ≥ 0}.
7c) Set Λ = Ω1ω¯1 + Ω2ω¯2 + (Ω1 − 2Ω2 + 4Ω3)ω¯3 ∈ Λ+(SU(4)/C(SU(4))), then by
p. 4) eigenvalue λ(Λ) and dimension d(Λ + β) are calculated by formulas (10) and
(11) respectively, where ν1 = Ω1 + 1, ν2 = Ω2 + 1, ν3 = Ω1 − 2Ω2 + 4Ω3 + 1, νi ∈ N,
i = 1, 2, 3, ν3 − ν1 + 2ν2 ≡ 2(mod 4).
8c) Applying formula (7) and results of preceding point, we get the following
multiplicity of the eigenvalue λ(Λ)
σ(Λ) =
1
144
∑
Ξ3
ν21ν
2
2ν
2
3(ν1 + ν2)
2(ν2 + ν3)
2(ν1 + ν2 + ν3)
2,
where
(18)
Ξ3 = {(ν1, ν2, ν3) ∈ N3 | (ν1+2ν2+ν3)2+2ν21+2ν23 = 20−32γλ, ν3−ν1+2ν2 ≡ 2(mod 4)}.
The least by modulus non-zero eigenvalue of Laplacian is equal to − 1
γ
and cor-
responds to irreducible complex representation of the Lie group SU(4)/C(SU(4))
with highest weight ω¯1 + ω¯3. The dimension of this representation is equal to 15.
Consequently the multiplicity of the eigenvalue − 1
γ
is equal to 152 = 225.
3. Calculation of Laplacian spectra for Lie groups Spin(7) and SO(7)
By Table 2, to Lie groups under consideration corresponds the root system B3.
Let us apply table II from [7]. Simple roots are α1 = ε1− ε2, α2 = ε2− ε3, α3 = ε3;
the maximal root is α˜ = α1 + 2α2 + 2α3 = ε1 + ε2. Positive roots are: εi, i = 1, 2, 3;
ε1 ± ε2, ε1 ± ε3, ε2 ± ε3. The sum of positive roots is equal to 2β = 5ε1 + 3ε2 + ε3,
whence
(19) β =
5ε1 + 3ε2 + ε3
2
, α˜ + β =
7ε1 + 5ε2 + ε3
2
.
We act according to algorithm given in theorem 1.
1) b = 〈α˜ + β, α˜ + β〉 − 〈β, β〉 = 75
4
− 35
4
= 10.
2) (·, ·) = 1
10
〈·, ·〉.
3) Fundamental weights have the form
ω¯1 = ε1, ω¯2 = ε1 + ε2, ω¯3 =
ε1 + ε2 + ε3
2
.
It is easy to see that
α˜ = ω¯2, β = ω¯1 + ω¯2 + ω¯3.
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4) Set Λ =
3∑
i=1
Λiω¯i, where Λi ∈ Z, Λi ≥ 0, i = 1, 2, 3. Then
(20) Λ+β =
3∑
i=1
(Λi+1)ω¯i =
3∑
i=1
νiω¯i =
ε1
2
(2ν1 + 2ν2 + ν3)+
ε2
2
(2ν2 + ν3)+
ε3
2
ν3,
where νi = Λi + 1, νi ∈ N, i = 1, 2, 3.
By formula (5), eigenvalue λ(Λ), corresponding to highest weight Λ, is equal to
(21)
λ(Λ) = − 1
10γ
[〈Λ+β,Λ+β〉−〈β, β〉] = − 1
40γ
(
(2ν1 + 2ν2 + ν3)
2 + (2ν2 + ν3)
2 + ν23 − 35
)
.
By formula (6), dimension d(Λ + β) of representation ρ(Λ), correspomding to
highest weight Λ, is equal to
d(Λ+β) =
(Λ + β, ε1)
(β, ε1)
· (Λ + β, ε2)
(β, ε2)
· (Λ + β, ε3)
(β, ε3)
· (Λ + β, ε1 − ε2)
(β, ε1 − ε2) ·
(Λ + β, ε1 − ε3)
(β, ε1 − ε3) ×
×(Λ + β, ε2 − ε3)
(β, ε2 − ε3 ·
(Λ + β, ε1 + ε2)
(β, ε1 + ε2)
· (Λ + β, ε1 + ε3)
(β, ε1 + ε3)
· (Λ + β, ε2 + ε3)
(β, ε2 + ε3)
.
On the ground of (66) and (20),
(Λ + β, ε1)
(β, ε1)
=
2ν1 + 2ν2 + ν3
5
,
(Λ + β, ε2)
(β, ε2)
=
2ν2 + ν3
3
,
(Λ + β, ε3)
(β, ε3)
= ν3,
(Λ + β, ε1 − ε2)
(β, ε1 − ε2) = ν1,
(Λ + β, ε1 − ε3)
(β, ε1 − ε3) =
ν1 + ν2
2
,
(Λ + β, ε2 − ε3)
(β, ε2 − ε3) = ν2,
(Λ + β, ε1 + ε2)
(β, ε1 + ε2)
=
ν1 + 2ν2 + ν3
4
,
(Λ + β, ε1 + ε3)
(β, ε1 + ε3)
=
ν1 + ν2 + ν3
3
,
(Λ + β, ε2 + ε3)
(β, ε2 + ε3)
=
ν2 + ν3
2
.
Consequently
(22)
d(Λ+β) =
1
720
ν1ν2ν3(ν1+ν2)(ν2+ν3)(2ν2+ν3)(ν1+ν2+ν3)(ν1+2ν2+ν3)(2ν1+2ν2+ν3).
Remark 5. It follows from (21) and (22) that λ(Λ) = 0 ⇔ Λ = 0 ⇔ νi = 1,
i = 1, 2, 3 and hence the multiplicity σ(λ0) = d2(0 + β) = 1, what corresponds
to formula (1). Moreover, on the base of proposition 1 the highest weight of the
adjoined representation Ad is the maximal root α˜ = α1 + 2α2 + 2α3 = ω¯2,for whom
ν1 = ν3 = 1 and ν2 = 2. Therefore eigenvalue and dimension of representation Ad
can be calculated as follows:
λAd = λ(α˜) = − 1
40γ
(49 + 25 + 1− 35) = −1
γ
,
dim Ad = d(α˜ + β) =
2 · 3 · 3 · 5 · 4 · 6 · 7
720
= 21,
that corresponds to formula (2) for γ = 1 with taking into account the equality
dim Spin(7) = 21 from Table 2.
LAPLACE OPERATOR SPECTRUM 13
Figure 2. The sets of highest weights of Lie groups, corresponding
to the root system B3
5) Simple roots and fundamental weights of the Lie algebra so(7) indicated above
assign respective lattices Λ0(B3) and Λ1(B3) of the form
(23)
Λ0(B3) =
{
3∑
i=1
Ψiαi | Ψ1,Ψ2,Ψ3 ∈ Z
}
, Λ1(B3) =
{
3∑
i=1
Λiω¯i | Λ1,Λ2,Λ3 ∈ Z
}
.
After expressing roots via fundamental weights
α1 = 2ω¯1 − ω¯2, α2 = −ω¯1 + 2ω¯2 − 2ω¯3, α3 = −ω¯2 + 2ω¯3
and the change of variables
Ψ1 = Ω1 + Ω2 + Ω3,
Ψ2 = Ω1 + 2Ω2 + 2Ω3,
Ψ3 = Ω1 + 2Ω2 + 3Ω3
⇔

Ω1 = 2Ψ1 −Ψ2,
Ω2 = −Ψ1 + 2Ψ2 −Ψ3,
Ω3 = −Ψ2 + Ψ3
the lattice Λ0(B3) takes the following form
(24) Λ0(B3) = {Ω1ω¯1 + Ω2ω¯2 + 2Ω3ω¯3 | Ω1,Ω2,Ω3 ∈ Z}.
It follows from (23) and (24) that Λ0(B3) ⊂ Λ1(B3) and Λ1(B3)/Λ0(B3) ∼= Z2, i.e.
it has prime order. Hence on the ground of corollary 1 there is no other lattices.
Lie groups, associated with these characteristic lattices, are presented in table 2.
The sets of highest weights, corresponding to these lattices, are depicted on figure
2 above.
a) Let us give formulas defining Laplacian spectrum of the Lie group Spin(7).
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6a) By formula (23), the set of highest weights of the Lie group Spin(7) is equal
to
Λ+(Spin(7)) =
{
3∑
i=1
Λiω¯i | Λi ∈ Z, Λi ≥ 0, i = 1, 2, 3
}
.
7a) Set Λ =
3∑
i=1
Λiω¯i ∈ Λ+(Spin(7)), then by p. 4) eigenvalue λ(Λ) and dimension
d(Λ + β) are calculated by formulas (29) and (30) respectively, where νi = Λi + 1,
νi ∈ N, i = 1, 2, 3.
8a) Applying formula (7) and results of preceding point, we get the multiplicity
of eigenvalue λ(Λ):
σ(Λ) =
1
(720)2
∑
Ξ4
ν21ν
2
2ν
2
3(ν1+ν2)
2(ν2+ν3)
2(2ν2+ν3)
2(ν1+ν2+ν3)
2(ν1+2ν2+ν3)
2(2ν1+2ν2+ν3)
2,
where
(25) Ξ4 = {(ν1, ν2, ν3) ∈ N3 | (2ν1 + 2ν2 + ν3)2 + (2ν2 + ν3)2 + ν23 = 35− 40γλ}.
The least by modulus non-zero eigenvalue of Laplacian is equal to − 21
40γ
and
corresponds to irreducible complex representation of the Lie group Spin(7) with
highest weight ω¯3. The dimension of this representation is equal to 8. Therefore the
multiplicity of the eigenvalue − 21
40γ
is equal to 82 = 64.
b) Let us give formulas defining Laplacian spectrum of the Lie group SO(7).
6b) By formula (24), the set of highest weights of the Lie group SO(7) is equal to
Λ+(SO(7)) = {Ω1ω¯1 + Ω2ω¯2 + 2Ω3ω¯3 | Ωi ∈ Z, Ωi ≥ 0, i = 1, 2, 3}.
7b) Set Λ = Ω1ω¯1 + Ω2ω¯2 + 2Ω3ω¯3 ∈ Λ+(SO(7)), then by p. 4) eigenvalue λ(Λ)
and dimension d(Λ+β) are calculated by formulas (21) and (22) respectively, where
ν1 = Ω1 + 1, ν2 = Ω2 + 1, ν3 = 2Ω3 + 1, νi ∈ N, i = 1, 2, 3, ν3 ≡ 1(mod 2).
8b) Applying formula (7) and results of preceding point, we get the following
multiplicity of the eigenvalue λ(Λ)
σ(Λ) =
1
(720)2
∑
Ξ5
ν21ν
2
2ν
2
3(ν1+ν2)
2(ν2+ν3)
2(2ν2+ν3)
2(ν1+ν2+ν3)
2(ν1+2ν2+ν3)
2(2ν1+2ν2+ν3)
2,
where
(26)
Ξ5 = {(ν1, ν2, ν3) ∈ N3 | (2ν1+2ν2+ν3)2+(2ν2+ν3)2+ν23 = 35−40γλ, ν3 ≡ 1(mod 2)}.
The least by modulus non-zero eigenvalue of Laplacian is equal to − 3
5γ
and cor-
responds to irreducible complex representation of the Lie group SO(7) with highest
weight ω¯1. The dimension of this representation is equal to 7. Consequently the
multiplicity of the eigenvalue − 3
5γ
is equal to 72 = 49.
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4. Calculation of Laplacian spectrum for Lie groups Sp(3) and
Sp(3)/C(Sp(3))
Remark 6. Remind that Sp(2n,C) is the Lie group of complex matrices g of order
2n with determinant 1, satisfying condition
gT
 0 En
−En 0
 g =
 0 En
−En 0
 ,
where En is unit matrix of nth order. It is known that the Lie group Sp(n) is
isomorphic to the Lie group U(2n) ∩ Sp(2n,C). Therefore C(Sp(n)) is isomorphic
to (±E2n) ⊂ U(2n) ∩ Sp(2n,C), while Sp(n)/C(Sp(n)) is isomorphic to the Lie
group (U(2n) ∩ Sp(2n,C))/(±E2n).
By table 2, the Lie groups under considerations correspond to root system C3.
We apply table III from [7]. Simple roots are α1 = ε1 − ε2, α2 = ε2 − ε3, α3 = 2ε3;
maximal root is α˜ = 2α1 + 2α2 +α3 = 2ε1. Positive roots are 2εi, i = 1, 2, 3, ε1± ε2,
ε1 ± ε3, ε2 ± ε3. The sum of positive roots is equal to 2β = 6ε1 + 4ε2 + 2ε3, whence
(27) β = 3ε1 + 2ε2 + ε3, α˜ + β = 5ε1 + 2ε2 + ε3.
We act according to algorithm presented in theorem 1.
1) b = 〈α˜ + β, α˜ + β〉 − 〈β, β〉 = 30− 14 = 16.
2) (·, ·) = 1
16
〈·, ·〉.
3) Fundamental weights have the following form
ω¯1 = ε1, ω¯2 = ε1 + ε2, ω¯3 = ε1 + ε2 + ε3.
It is easy to see that
α˜ = 2ω¯1, β = ω¯1 + ω¯2 + ω¯3.
4) Set Λ =
3∑
i=1
Λiω¯i ∈ Λ+(sp(3)), where Λi ∈ Z, Λi ≥ 0, i = 1, 2, 3. Then
(28) Λ + β =
3∑
i=1
(Λi + 1)ω¯i =
3∑
i=1
νiω¯i = (ν1 + ν2 + ν3) ε1 + (ν2 + ν3) ε2 + ν3ε3,
where νi = Λi + 1, νi ∈ N, i = 1, 2, 3.
By formula (5), eigenvalue λ(Λ), corresponding to highest weight Λ, is equal to
(29)
λ(Λ) = − 1
16γ
[〈Λ+β,Λ+β〉−〈β, β〉] = − 1
16γ
(
(ν1 + ν2 + ν3)
2 + (ν2 + ν3)
2 + ν23 − 14
)
.
By formula (6), dimension d(Λ+β) of representation ρ(Λ), associated with highest
weight Λ, is equal to
d(Λ + β) =
(Λ + β, 2ε1)
(β, 2ε1)
· (Λ + β, 2ε2)
(β, 2ε2)
· (Λ + β, 2ε3)
(β, 2ε3)
· (Λ + β, ε1 − ε2)
(β, ε1 − ε2) ×
×(Λ + β, ε1 − ε3)
(β, ε1 − ε3) ·
(Λ + β, ε2 − ε3)
(β, ε2 − ε3) ·
(Λ + β, ε1 + ε2)
(β, ε1 + ε2)
·(Λ + β, ε1 + ε3)
(β, ε1 + ε3)
·(Λ + β, ε2 + ε3)
(β, ε2 + ε3)
.
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On the ground of (27) and (28),
(Λ + β, 2ε1)
(β, 2ε1)
=
ν1 + ν2 + ν3
3
,
(Λ + β, 2ε2)
(β, 2ε2)
=
ν2 + ν3
2
,
(Λ + β, 2ε3)
(β, 2ε3)
= ν3,
(Λ + β, ε1 − ε2)
(β, ε1 − ε2) = ν1,
(Λ + β, ε1 − ε3)
(β, ε1 − ε3) =
ν1 + ν2
2
,
(Λ + β, ε2 − ε3)
(β, ε2 − ε3) = ν2,
(Λ + β, ε1 + ε2)
(β, ε1 + ε2)
=
ν1 + 2ν2 + 2ν3
5
,
(Λ + β, ε1 + ε3)
(β, ε1 + ε3)
=
ν1 + ν2 + 2ν3
4
,
(Λ + β, ε2 + ε3)
(β, ε2 + ε3)
=
ν2 + 2ν3
3
.
Consequently
(30)
d(Λ+β) =
1
720
ν1ν2ν3(ν1+ν2)(ν2+ν3)(ν2+2ν3)(ν1+ν2+ν3)(ν1+ν2+2ν3)(ν1+2ν2+2ν3).
Remark 7. It follows from (29) and (30) that λ(Λ) = 0 ⇔ Λ = 0 ⇔ νi = 1,
i = 1, 2, 3 and hence the multiplicity σ(λ(0)) = d2(0 + β) = 1 what corresponds to
formula (1). Moreover, on the base of proposition 1, highest weight of the adjoined
representation Ad is the maximal root α˜ = 2α1 + 2α2 + α3 = 2ω¯1 with ν1 = 3
and ν2 = ν3 = 1. Therefore eigenvalue and dimension of representation Ad can be
calculated as follows
λAd = λ(α˜) = − 1
16γ
(25 + 4 + 1− 14) = −1
γ
,
dim Ad = d(α˜ + β) =
3 · 4 · 2 · 3 · 5 · 6 · 7
720
= 21,
what corresponds to formula (2) for γ = 1 with taking into account the equality
dim Sp(3) = 21 from Table 2.
5) Simple roots and fundamental weights of the Lie algebra sp(3), indicated above,
define respective lattices Λ0(C3) and Λ1(C3) in the following manner
(31)
Λ0(C3) =
{
3∑
i=1
Ψiαi | Ψ1,Ψ2,Ψ3 ∈ Z
}
, Λ1(C3) =
{
3∑
i=1
Λiω¯i | Λ1,Λ2,Λ3 ∈ Z
}
.
After expressing roots via fundamental weights
α1 = 2ω¯1 − ω¯2, α2 = −ω¯1 + 2ω¯2 − ω¯3, α3 = −2ω¯2 + 2ω¯3
and the change of variables
Ψ1 = 2Ω1 + Ω2 + 2Ω3,
Ψ2 = 2Ω1 + 2Ω2 + 3Ω3,
Ψ3 = Ω1 + Ω2 + 2Ω3
⇔

Ω1 = Ψ1 −Ψ3,
Ω2 = −Ψ1 + 2Ψ2 − 2Ψ3,
Ω3 = −Ψ2 + 2Ψ3
the lattice takes the following form
(32) Λ0(C3) = {2Ω1ω¯1 + Ω2ω¯2 + Ω3(ω¯1 + ω¯3) | Ω1,Ω2,Ω3 ∈ Z}.
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Figure 3. The sets of highest weights of Lie groups, corresponding
to the root system C3
Let us define lattice Λ1(C3) in base {ω¯1, ω¯2, ω¯1 + ω¯3} via the change of variables
{Λ1 = Ω1 + Ω3, Λ2 = Ω2, Λ3 = Ω3}:
(33) Λ1(C3) = {Ω1ω¯1 + Ω2ω¯2 + Ω3(ω¯1 + ω¯3) | Ω1,Ω2,Ω3 ∈ Z}.
It follows from (32) and (33) that Λ0(C3) ⊂ Λ1(C3) and Λ1(C3)/Λ0(C3) ∼= Z2,
i.e. it has prime order. It follows from here and corollary 1 that there is no other
lattices. Lie groups, associated with these characteristic lattices, are presented in
table 2. The sets of highest weights, corresponding to these lattices, are depicted in
figure 3 above.
a) Let us give formulas, defining Laplacian spectrum of the Lie group Sp(3).
6a) By formula (31), the set of highest weights of the Lie group Sp(3) is equal to
Λ+(Sp(3)) = Λ+1 (C3) =
{
3∑
i=1
Λiω¯i
∣∣∣ Λi ∈ Z, Λi ≥ 0, i = 1, 2, 3} .
7a) Set Λ =
3∑
i=1
Λiω¯i ∈ Λ+(Sp(3)), then by p. 4) eigenvalue λ(Λ) and dimension
d(Λ + β) are calculated respectively by formulas (29) and (30), where νi = Λi + 1,
νi ∈ N, i = 1, 2, 3.
8a) Applying formula (7) and result of preceding point, we get the following
multiplicity of eigenvalue λ(Λ)
σ(Λ) =
1
(720)2
∑
Ξ6
ν21ν
2
2ν
2
3(ν1+ν2)
2(ν2+ν3)
2(ν2+2ν3)
2(ν1+ν2+ν3)
2(ν1+ν2+2ν3)
2(ν1+2ν2+2ν3)
2,
where
(34) Ξ6 = {(ν1, ν2, ν3) ∈ N3 | (ν1 + ν2 + ν3)2 + (ν2 + ν3)2 + ν23 = 14− 16γλ}.
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The least by modulus non-zero eigenvalue of Laplacian is equal to − 7
16γ
and corre-
sponds to irreducible complex representation with highest weight ω¯1. The dimension
of this representation of the Lie group Sp(3) is equal to 6. Therefore the multiplicity
of eigenvalue − 7
16γ
is equal to 62 = 36.
b) Let present formulas giving Laplacian spectrum of the Lie group Sp(3)/C(Sp(3)).
6b) By formula (32), the set of highest weights of the Lie group is equal to
Sp(3)/C(Sp(3))
Λ+(Sp(3)/C(Sp(3))) = Λ0(C3) ∩ Λ+1 (C3) =
{(2Ω1 + Ω3)ω¯1 + Ω2ω¯2 + Ω3ω¯3 | Ω1,Ω2,Ω3 ∈ Z, Ω2 ≥ 0, Ω3 ≥ 0, 2Ω1 + Ω3 ≥ 0}.
7b) Set Λ = (2Ω1 + Ω3)ω¯1 + Ω2ω¯2 + Ω3ω¯3 ∈ Λ+(Sp(3)/C(Sp(3))), then by p. 4)
eigenvalue λ(Λ) and dimension d(Λ+β) are calculated respectively by formulas (29)
and (30), where ν1 = 2Ω1 + Ω3 + 1, ν2 = Ω2 + 1, ν3 = Ω3 + 1, νi ∈ N, i = 1, 2, 3,
ν1 ≡ ν3(mod 2).
8b) Applying formula (7) and results of preceding point, we get the following
multiplicity of eigenvalue λ(Λ)
σ(Λ) =
1
(720)2
∑
Ξ7
ν21ν
2
2ν
2
3(ν1+ν2)
2(ν2+ν3)
2(ν2+2ν3)
2(ν1+ν2+ν3)
2(ν1+ν2+2ν3)
2(ν1+2ν2+2ν3)
2,
where
(35)
Ξ7 = {(ν1, ν2, ν3) ∈ N3 | (ν1+ν2+ν3)2+(ν2+ν3)2+ν23 = 14−16γλ, ν1 ≡ ν3(mod 2)}.
The least by modulus non-zero eigenvalue of Laplacian is equal to − 3
4γ
and corre-
sponds to irreducible complex representation of the Lie group Sp(3)/C(Sp(3)) with
highest weight ω¯2. The dimension of this representation is equal to 14. Consequently
the multiplicity of the eigenvalue − 3
4γ
is equal to 142 = 196.
5. Necessary information from number theory
In this section are presented all necessary information on classical solutions of
presentation problem of natural numbers by values of some positively defined ternary
(or binary) integer quadratic forms on integer three-dimensional (respectively, two-
dimensional) vectors, applying in next sections.
Theorem 2. [12], [13]. A natural number k can be presented in the form
(36) k = x2 + y2, x, y ∈ Z,
if and only if k has no prime factor p with condition p ≡ 3(mod 4), which occurs in
odd power into factorization of k by prime factors.
In addition a number N2(k) of all solutions to the equation (36) is equal to qua-
druplicate difference of quantities of (natural) divisors d of k such that d ≡ 1(mod 4)
and divisors d of k such that d ≡ 3(mod 4).
Theorem 3. Assume that a natural number k can be presented in the form
(37) k = x2 + y2, x < y, x, y ∈ N,
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L2(k) is the quantity of such presentations. Then
1. If k 6= m2, k 6= 2m2 for any m ∈ N, then L2(k) = N2(k)/8.
2. If k = m2 or k = 2m2 for some m ∈ N, then L2(k) = (N2(k)− 4) /8.
Proof. 1. Let k 6= m2, k 6= 2m2 for all m ∈ N. To every presentation (x, y) of the
number k in the form (37) correspond exactly 8 of different presentations of k of the
form (36), namely, ordered pairs (±x,±y), (±y,±x). Therefore N2(k) = 8L2(k),
whence follows the required formula.
2. Let k = m2 (k = 2m2) for some m ∈ N. Then, besides presentations of k in the
form (36), described in p. 1, there are also only 4 different presentations of the form
(36), namely, ordered pairs (±m, 0), (0,±m) (respectively, (±m,±m)). Therefore
N2(k) = 8L2(k) + 4, whence follows the required formula. 
Theorems 2 and 3 imply directly
Corollary 2. A natural number k can be presented in the form (37) if and only if
the following conditions are fulfilled.
1. k ≥ 5 and k has no prime divisor p with condition p ≡ 3(mod 4), which occurs
in odd power into factorization of k by prime factors.
2. If k = m2 or k = 2m2 for some m ∈ N then the difference of quantities
of (natural) divisors d of k such that d ≡ 1(mod 4) and divisors d of k such that
d ≡ 3(mod 4) is more than 1.
Theorem 4. [11] An odd natural number k can be presented in the form
(38) k = x2 + 2y2, x, y ∈ Z,
where GCD(x, y) = 1, if and only if the factorization of k by prime factors does not
contain prime numbers of the form 8n+ 5 и 8n+ 7.
Theorem 5. [12] For any k ∈ N the number N ′2(k) of all solutions to the equation
(38) is equal to doubled difference of quantities (of natural) divisors d of k such
that d ≡ 1(mod 8) or d ≡ 3(mod 8) and divisors d of k such that d ≡ 5(mod 8) or
d ≡ 7(mod 8).
Theorem 6. [14] If natural numbers k1, k2 admit presentation of the form (36)
(respectively, (38)), then also the number k = k1 ·k2 admits presentation of the form
(36) (respectively, (38)).
Theorem 7. [13] A natural number k can be presented in the form
(39) k = x2 + y2 + z2, x, y, z ∈ Z,
if and only if k cannot be presented in the form 4m(8l + 7), where m, l ∈ Z+.
Proposition 5. 1. If a natural number k can be presented in the form (36), where
x ≡ y ≡ 1(mod 2), then k ≡ 2(mod 8). Conversely, if k ≡ 2(mod 8) and k can be
presented in the form (36), then x ≡ y ≡ 1(mod 2).
2. If a natural number k can be presented in the form (39), where x ≡ y ≡ z ≡
1(mod 2), then k ≡ 3(mod 8). Conversely, if k ≡ 3(mod 8) and k can be presented
in the form (39), then x ≡ y ≡ z ≡ 1(mod 2).
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Proof. These statements follow from the fact that the square of any odd number
gives residue 1 under division by 8, while the square of any even number gives
residue 0 or 4 under division by 8. 
Later we shall need the notion of the Legendre–Jacobi symbol. There are different
definitions of this symbol. Here is given the most simple its definition, taken from
[15] and belonging to Russian mathematician E.I. Zolotarev (1847–1878).
Definition 2. Let n > 1 be an odd natural number, a be an integer number, coprime
with n. The Legendre–Jacobi symbol
(
a
n
)
is the sign of permutation on residue ring
modn obtained by multiplication of this ring by amodn.
Theorem 8. [12] 1. Let k ∈ N, k = 1, 2(mod 4), k 6= 1. Then the number ψ(k) of
proper presentations of k in the form (39) is finite and equal to 12h(k), where
(40) h(k) =
∑(
−k
a
)
,
and the summation is taken for all a such that a ∈ N, 0 < a < k, a is coprime with
2k;
(−k
a
)
is the Legendre–Jacobi symbol.
2. Let k ∈ N, k = 3(mod 8), k 6= 3. Then the number ψ(k) of proper presenta-
tions of k in the form (39) is finite and equal to 24h′(k), where
(41) h′(k) =
1
3
∑( b
k
)
,
and the summation is taken for all b such that b ∈ N, 0 < b < k, b is coprime with
2k;
(
b
k
)
is the Legendre–Jacobi symbol.
Let us define function F (k), k ∈ N, by the following rule
1) If k = (2m− 1)2 for some m ∈ N, then
F (k) =
∑
h(k/δ2)− 1
2
;
2) If k 6= (2m− 1)2 for any m ∈ N, then
F (k) =
∑
h(k/δ2).
In both cases the summation is taken by all square divisors δ2 of the number k.
Theorem 9. [12] Let k ∈ N, N3(k) be a number of all presentations of the number
k in the form (39). Then the following statements are valid.
1. If k = 1, 2(mod 4), k 6= 1, then N3(k) = 12F (k).
2. If k = 3(mod 8), k 6= 3, then N3(k) = 8F (k).
3. If k = 7(mod 8) then N3(k) = 0.
4. If k = 0(mod 4) then N3(k) = N3(k/4).
Theorem 10. Assume that a natural number k can be presented in the form
(42) k = x2 + y2 + z2, x < y < z, x, y, z ∈ N,
L3(k) is the quantity of such presentations. Then
1. If k 6= αm2 for anym ∈ N, α = 1, 2, 3, then L3(k) = (N3(k)− 3N2(k)− 6N ′2(k)) /48.
LAPLACE OPERATOR SPECTRUM 21
2. If k = m2 for some m ∈ N then L3(k) = (N3(k)− 3N2(k)− 6N ′2(k) + 18) /48.
3. If k = 2m2 for some m ∈ N then L3(k) = (N3(k)− 3N2(k)− 6N ′2(k) + 12) /48.
4. If k = 3m2 for some m ∈ N then L3(k) = (N3(k)− 6N ′2(k) + 16) /48.
Proof. 1. Let k 6= αm2 for any m ∈ N, α = 1, 2, 3. Then k has L3(k) presentations
of the form (42), N3(k) presentations of the form (39), N2(k) presentations of the
form (36), and N ′2(k) presentations of the form (38).
To every presentation (x, y, z) of k of the form (42) correspond exactly 48 dif-
ferent presentation of k of the form (39), namely, ordered triples (±x,±y,±z),
(±y,±x,±z), (±x,±z,±y), (±y,±z,±x), (±z,±x,±y), (±z,±y,±x).
If (x, y) is a presentation of k of the form (36) then it follows from conditions
of p. 1, imposed on k, that x 6= y, x 6= 0, y 6= 0. Therefore to every octuple of
different presentations (±x,±y), (±y,±x) of k in the form (36) correspond exactly
24 different presentations of k in the form (39), namely, ordered triples (0,±x,±y),
(±x, 0,±y), (±x,±y, 0), (0,±y,±x), (±y, 0,±x), (±y,±x, 0).
If (x, y) is a presentation of k in the form (38) then it follows from conditions
in p. 1, imposed on k, that x 6= y, x 6= 0, y 6= 0. Therefore to any quadruple
of different presentations (±x,±y) of k in the form (38) correspond exactly 24
different presentations of k in the form (39), namely, ordered triples (±x,±y,±y,
(±y,±x,±y), (±y,±y,±x).
Thus N3(k) = 48L3(k)+3N2(k)+6N ′2(k), whence it follows the required formula.
2. Let k = m2 for some m ∈ N. Then, besides presentations of k in the form
(39), described in p. 1, there are also only 6 different presentations of k in the form
(39), namely, ordered triples (0,±m, 0), (±m, 0, 0), (0, 0,±m). Besides presentations
(x, y), x 6= y, x 6= 0, y 6= 0 of k in the form (36) there are also 4 of different
presentations of k in the form (36), namely, ordered pairs (0,±m), (±m, 0). Except
presentations (x, y), x 6= y, x 6= 0, y 6= 0 of k in the form (38) there are also 2
different presentations of k in the form (38), namely, ordered pairs (±m, 0). Then
on the ground of p. 1
N3(k)− 6 = 48L3(k) + 3(N2(k)− 4) + 6(N ′2(k)− 2),
whence it follows the required formula.
3. Let k = 2m2 for some m ∈ N. Then, besides presentations of k in the form
(39), described in p. 1, there are also only 12 different presentations of k in the
form (39), namely, ordered triples (0,±m,±m), (±m, 0,±m), (±m,±m, 0). Except
presentations (x, y), x 6= y, x 6= 0, y 6= 0 of k in the form (36) there exist also
4 different presentations of k in the form (36), namely, ordered pairs (±m,±m).
Besides presentations (x, y) of k with conditions x 6= y, x 6= 0, y 6= 0 of the form
(38) there exist yet 2 different presentations of k in the form (38), namely, ordered
pairs (0,±m). Then on the base of p. 1
N3(k)− 12 = 48L3(k) + 3(N2(k)− 4) + 6(N ′2(k)− 2),
whence it follows the required formula.
4. Let k = 3m2 for some m ∈ N. Then, besides presentation of k in the form
(39), described in p. 1, there are also 8 different presentations of k in the form (39),
namely, ordered triples (±m,±m,±m). On the ground of theorem 2, N2(3m2) = 0.
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Except presentations (x, y) of k with conditions x 6= y, x 6= 0, y 6= 0, in the form
(38) there exist yet 4 different presentations in the form (38), namely, ordered pairs
(±m,±m). Then on the base of p. 1
N3(k)− 8 = 48L3(k) + 6(N ′2(k)− 4),
whence it follows the required formula. 
Let Γ ⊂ Rn be a lattice, i.e. additive discrete subgroup such that the quotient
group Rn/Γ is compact; NΓ(m) is the number of vectors x ∈ Γ with the square of
norm m, i.e. such that x ·x = m. The calculation of the number NΓ(m) is facilitated
by introducing theta-series (or theta-function) of the lattice Γ [16] which is defined
as
(43) ΘΓ(q) =
∑
x∈Γ
qx·x =
∞∑
m=0
NΓ(m)q
m.
For example, theta-series of integer lattice Z is equal to
(44) ΘZ(q) =
∑
z∈Z
qz
2
= 1 + 2q + 2q4 + 2q9 + 2q16 + . . . ,
(45) Θ√2Z(q) =
∑
z∈Z
q2z
2
= 1 + 2q2 + 2q8 + 2q18 + 2q32 + . . . .
It is easy to see that if Γ = Γ1 ⊕ Γ2 is direct orthogonal sum of lattices, then
(46) ΘΓ(q) = ΘΓ1(q) ·ΘΓ2(q).
In particular,
(47) ΘZn(q) = ΘZ(q)n,
(48) ΘZ⊕√2Z(q) = ΘZ(q) ·Θ√2Z(q).
In previous notation, NZ2(k) = N2(k), NZ3(k) = N3(k), NZ⊕√2Z(k) = N ′2(k). For-
mulas (44) – (48) permit to calculate these numbers. So,
ΘZ2(q) = ΘZ(q)
2 = (1+2q+2q4 +2q9 +2q16 + . . . )(1+2q+2q4 +2q9 +2q16 + . . . ) =
1 + 4q + 4q2 + 4q4 + 8q5 + 4q8 + 4q9 + 8q10 + 8q13 + 4q16 + 8q17 + 4q18 + 8q20 + . . . ,
ΘZ3(q) = ΘZ(q)
3 = (1 + 2q + 2q4 + 2q9 + 2q16 + . . . )×
(1 + 4q+ 4q2 + 4q4 + 8q5 + 4q8 + 4q9 + 8q10 + 8q13 + 4q16 + 8q17 + 4q18 + 8q20 + . . . ) =
1 + 6q + 12q2 + 8q3 + 6q4 + 24q5 + 24q6 + 12q8 + 30q9 + 24q10 + 24q11 + 8q12+
24q13 + 48q14 + 6q16 + 48q17 + 36q18 + 24q19 + 24q20 + 48q21 + 24q22 + 24q24 + . . . ,
ΘZ⊕√2Z(q) = (1 + 2q + 2q
4 + 2q9 + 2q16 + . . . )(1 + 2q2 + 2q8 + 2q18 + . . . ) =
1+2q+2q2+4q3+2q4+4q6+2q8+6q9+4q11+4q12+2q16+4q17+6q18+4q19+4q22+4q24+. . . .
Calculations, using equalities, obtained here, and theorems 3, 10 give
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Proposition 6. 1) L2(5) = L2(10) = L2(13) = L2(17) = L2(20) = 1; L2(k) = 0 for
all the rest natural numbers k ≤ 24.
2) L3(14) = L3(21) = 1; L3(k) = 0 for all the rest natural numbers k ≤ 24.
6. Conclusion
Theorem 11. Let G = SU(4) is supplied by biinvariant Riemannian metric ν such
that ν(e) = −kad. A number λ < 0 is eigenvalue of Laplacian on (G, ν) in one and
only one of the following cases (I or II)
I. 1) −32λ ∈ N, −32λ ≡ 7(mod 8);
2) natural number k = 20 − 32λ is a sum of squares of three mutually different
natural numbers.
In addition the number of highest weights Λ, such that λ(Λ) = λ, is equal to
2L3(20− 32λ).
II. 1) −8λ ∈ N;
2) natural number k = 5 − 8λ is a sum of squares of three mutually different
natural numbers.
In addition the number of highest weights Λ, such that λ(Λ) = λ, is equal to
2L3(5− 8λ) + L2(5− 8λ).
Proof. Following to (16), let us consider Diophantine equation
(49) (ν1 + 2ν2 + ν3)2 + (ν1 − ν3)2 + (ν1 + ν3)2 = 20− 32λ, ν1, ν2, ν3 ∈ N.
It is clear that if the equation (49) is solvable, then −32λ ∈ N.
Assume at first that the equation (49) has a solution (ν1, ν2, ν3) such that ν1 + ν3
is an odd number. Since ν1 and ν3 occur symmetrically in (49), then we can suppose
for definiteness that ν1 > ν3. Let us introduce the following notation
x = ν1 − ν3, y = ν1 + ν3, z = ν1 + 2ν2 + ν3.
Then the equation (49) will written down in the form
(50) x2 + y2 + z2 = 20− 32λ,
furthermore
(51) x, y, z ∈ N, x ≡ 1(mod 2), y ≡ 1(mod 2), z ≡ 1(mod 2), x < y < z.
It is easy to see that the number of solutions (ν1, ν2, ν3) ∈ N3 to equation (49),
satisfying condition ν1 + ν3 ≡ 1(mod 2), is equal to doubled number of solutions to
equation (50) with condition (51). Therefore, on the ground of proposition 5, if the
equation (50) is solvable under condition (51), then 20 − 32λ ≡ 3(mod 8) what is
equivalent to relation −32λ ≡ 7(mod 8).
Thus, if the equation (49) is solvable and at least one its solution satisfies condition
ν1 + ν3 ≡ 1(mod 2), then −32λ ≡ 7(mod 8) and the number of solutions, satisfying
next to the last condition, is equal to 2L3(20− 32λ).
Let us suppose now that the equation (49) has a solution (ν1, ν2, ν3), where
ν1 6= ν3 are natural numbers of the same evenness. Then −8λ ∈ Z+. Let us set for
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definiteness that ν1 > ν3 and introduce the following notation
(52) x =
ν1 − ν3
2
, y =
ν1 + ν3
2
, z =
ν1 + ν3
2
+ ν2.
Then the equation (49) will written down in the form
(53) x2 + y2 + z2 = 5− 8λ,
in addition
(54) x, y, z ∈ N, x < y < z.
Therefore the number of solutions (ν1, ν2, ν3) ∈ N3 of equation (49), satisfying the
condition that the numbers ν1 6= ν3 have the same evenness, is equal to 2L3(5−8λ).
Let suppose at the end that the equation (49) has a solution (ν1, ν2, ν3), where
ν1 = ν3. After the change of variables x = ν1, y = ν1 + ν2 the equation (49) will
written down in the form
(55) x2 + y2 = 5− 8λ,
in addition x, y ∈ N, x < y. Therefore the number of solutions (ν1, ν2, ν3) ∈ N3 to
equation (49), satisfying condition ν1 = ν3, is equal to L2(5− 8λ). 
Remark 8. On the ground of theorem 2 and corollary 2, L2(k) = 0 for k ∈ N if
and only if it is satisfied one of the following conditions
a) the number k has at least one prime divisor p with condition p ≡ 3(mod 4),
appearing in decomposition of k in an odd power;
b) k = m2 or k = 2m2 for some m ∈ N and the difference of quantities of (natural)
divisors d of k such that d ≡ 1(mod 4) and divisors d of k such that d ≡ 3(mod 4),
is equal to 1.
Example 1. 1) If −32λ = 15, then −32λ ≡ 7(mod 8), k = 20 − 32λ = 35 =
12 + 32 + 52. Moreover λ = −15/32 is the least by modulus non-zero eigenvalue
of Laplacian, considered earlier, and the number of highest weights Λ, such that
λ(Λ) = −15/32, is equal to 2L3(35) = 2.
2) If −8λ = 9, then k = 5 − 8λ = 14 = 12 + 22 + 32. Moreover λ = −9/8,
Λ = 2ω1 and the number of highest weights Λ′, such that λ(Λ′) = −9/8, is equal to
2L3(14) + L2(14) = 2.
3) If −8λ = 16, then 5 − 8λ = 21 = 12 + 22 + 42. In addition λ = −2, Λ =
2ω1 + ω2 and the number of highest weights Λ′, such that λ(Λ′) = −2, is equal to
2L3(21) + L2(21) = 2.
Theorem 12. Suppose that G = SU(4)/(±E4), where E4 is unit matrix of the fourth
order, is supplied with biinvariant Riemannian metric ν such that ν(e) = −kad. A
number λ < 0 is an eigenvalue of Laplacian on (G, ν) if and only if the following
conditions are satisfied
1) −8λ ∈ N;
2) natural number k = 5 − 8λ is a sum of squares of three mutually different
natural numbers.
In addition the number of highest weights Λ, such that λ(Λ) = λ, is equal to
2L3(5− 8λ) + L2(5− 8λ).
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Proof. It follows from (17) and proof of theorem 11. 
Theorem 13. Assume that G = SU(4)/C(SU(4)) is supplied by biinvariant Rie-
mannian metric ν such that ν(e) = −kad. A number λ < 0 is an eigenvalue of
Laplacian on (G, ν) if and only if the following conditions are satisfied
1) −8λ ∈ N, in addition either −4λ ≡ 3(mod 4), or −4λ ≡ 2(mod 4), or −λ ∈ N;
2) natural number k = 5 − 8λ is a sum of squares of three mutually different
numbers.
Moreover the number of highest weights Λ, such that λ(Λ) = λ, is equal to 2L3(5−
8λ) + L2(5− 8λ).
Proof. Following to (18), consider Diophantine equation
(56)
(ν1+2ν2+ν3)
2+(ν1−ν3)2+(ν1+ν3)2 = 20−32λ, ν1, ν2, ν3 ∈ N, ν3−ν1+2ν2 ≡ 2(mod 4).
Assume at first that the equation (56) has a solution (ν1, ν2, ν3), where ν1 6= ν3.
Since ν1 and ν3 occur symmetrically in (56), then we can suppose without loss of
generality that ν1 > ν3. It is easy to see that after the change of variables (52) (56)
will written down in the form (53), moreover
(57) x, y, z ∈ N, x < y < z, x+ y + z ≡ 1(mod 2).
Condition x + y + z ≡ 1(mod 2) is equivalent to the fact that either all numbers
x, y, z are odd or there is only one odd number among them. It follows from the
proof of proposition 5 that if the equation (53) with condition (57) is solvable, then
natural number 5 − 8λ can give only residue 1, 3 or 5 under division by 8, what
is equivalent to −4λ ≡ 2(mod 4), −4λ ≡ 3(mod 4) or −λ ∈ N respectively. It is
easy to see that in this case the oddness condition for the quantity of odd numbers
among x, y, z in decomposition (53) is satisfied automatically, and the number of
solutions to equation (53) with condition (57) is equal to L3(5− 8λ).
Suppose now that the equation (56) has a solution (ν1, ν2, ν3), where ν1 = ν3.
After the change of variables x = ν1, y = ν1 +ν2 the equation (56) will written down
in the form (55), moreover
(58) x, y ∈ N, x < y, x+ y ≡ 1(mod 2).
It is easy to see that condition x+ y ≡ 1(mod 2) is equivalent to relation −4λ ∈ N;
in addition the number of solutions to equation (55) with condition (58) is equal to
L2(5− 8λ). 
Theorem 14. Let G = Spin(7) is supplied by biinvariant Riemannian metric ν such
that ν(e) = −kad. A number λ < 0 is an eigenvalue of Laplacian on (G, ν) in one
and one of the following cases (I or II)
I. 1) −5λ ∈ N;
2) natural number k = 35 − 40λ is a sum of squares of three mutually different
natural numbers.
In addition the number of highest weights Λ, such that λ(Λ) = λ, is equal to
L3(35− 40λ).
II. 1) −40λ ∈ N, moreover −40λ ≡ 1(mod 4);
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2) natural number k = 35−40λ
4
is a sum of squares of three mutually different
natural numbers.
Moreover the number of highest weights Λ, such that λ(Λ) = λ, is equal to
L3
(
35−40λ
4
)
.
Proof. Following (25), consider equation
(59) (2ν1 + 2ν2 + ν3)2 + (2ν2 + ν3)2 + ν23 = 35− 40λ, ν1, ν2, ν3 ∈ N.
It is clear that if the equation (59) is solvable, then −40λ ∈ N.
Assume at first that the equation (59) has a solution (ν1, ν2, ν3) such that ν3 is
an odd number. Introduce the following notation
x = ν3, y = 2ν2 + ν3, z = 2ν1 + 2ν2 + ν3.
Then the equation (59) will written down as
(60) x2 + y2 + z2 = 35− 40λ,
moreover the condition (51) is fulfilled.
Then it follows from proof of theorem 11 that if the equation (59) is solvable,
and at least one solution has odd ν3, then 35− 40λ ≡ 3(mod 8), what is equivalent
to condition −5λ ∈ N, and the number of solutions, satisfying next to the last
condition, is equal to L3(35− 40λ).
Suppose now that the equation (59) has a solution (ν1, ν2, ν3) such that ν3 is
an even number. It is clear then that 35 − 40λ ≡ 0(mod 4), what is equivalent to
relation −40λ ≡ 1(mod 4). Introduce the following notation
x =
ν3
2
, y = ν2 +
ν3
2
, z = ν1 + ν2 +
ν3
2
.
Then the equation (59) will written as
(61) x2 + y2 + z2 =
35− 40λ
4
,
where (54). Therefore the number of solutions to equation (59) with even ν3 is equal
to L3
(
35−40λ
4
)
. 
Example 2. 1) If −40λ = 21, then −40λ ≡ 1(mod 4), k = (35 − 40λ)/4 = 14 =
12 + 22 + 32. In addition λ = −21/40 is the least by modulus non-zero number
eigenvalue of Laplacian, considered above and the number of highest weights Λ, such
that λ(Λ) = −21/40, is equal to L3(14) = 1.
2) If −5λ = 3, then k = 35 − 40λ = 59 = 12 + 32 + 72. Moreover λ = −3/5,
Λ = ω1 and the number of highest weights Λ′, such that λ(Λ′) = −3/5, is equal to
L3(59) = 1.
Theorem 15. Let G = SO(7) is supplied by biinvariant Riemannian metric ν such
that ν(e) = −kad. A number λ < 0 is an eigenvalue of Laplacian on (G, ν) if and
only if the following conditions are fulfilled
1) −5λ ∈ N;
2) natural number k = 35 − 40λ is a sum of squares of three mutually different
numbers.
LAPLACE OPERATOR SPECTRUM 27
In addition the number of highest weights Λ, such that λ(Λ) = λ, is equal to
L3(35− 40λ).
Proof. It follows from (26) and proof of theorem 14. 
Theorem 16. Let G = Sp(3) is supplied by biinvariant Riemannian metric ν such
that ν(e) = −kad. A number λ < 0 is an eigenvalue of Laplacian on (G, ν) if and
only if the following conditions are satisfied
1) −16λ ∈ N;
2) natural number k = 14 − 16λ is a sum of squares of three mutually different
numbers.
Moreover the number of highest weights Λ, such that λ(Λ) = λ, is equal to
L3 (14− 16λ).
Proof. Following (34), consider Diophantine equation
(62) (ν1 + ν2 + ν3)2 + (ν2 + ν3)2 + ν23 = 14− 16γλ, ν1, ν2, ν3 ∈ N.
It is clear that if the equation (62) is solvable, then −16λ ∈ N. Introduce the
following notation
(63) x = ν3, y = ν2 + ν3, z = ν1 + ν2 + ν3.
Then the equation (62) will written as
(64) x2 + y2 + z2 = 14− 16λ,
where (54). Therefore the number of solutions to equation (62) is equal to L3(14−
16λ). 
Example 3. 1) If −16λ = 7, then k = 14 − 16λ = 21 = 12 + 22 + 42. Moreover
λ = −7/16 is the least by modulus non-zero eigenvalue of Laplacian, considered
earlier, and the number of highest weights Λ, such that λ(Λ) = −7/16, is equal to
L3(21) = 1.
2) If −16λ = 12, then k = 14 − 16λ = 26 = 12 + 32 + 42. Moreover λ = −3/4,
Λ = ω2 and the number of highest weights Λ′, such that λ(Λ′) = −3/4, is equal to
L3(26) = 1.
Theorem 17. Let Sp(3)/C(Sp(3)) is supplied by biinvariant Riemannian metric ν
such that ν(e) = −kad. A number λ < 0 is an eigenvalue of Laplacian on (G, ν) if
and only if the following conditions are fulfilled
1) −8λ ∈ N;
2) natural number k = 14 − 16λ is a sum of squares of three mutually different
natural numbers.
Moreover the number of highest weights Λ, such that λ(Λ) = λ, is equal to
L3 (14− 16λ).
Proof. Following (35), consider Diophantine equation
(65) (ν1 + ν2 + ν3)2 + (ν2 + ν3)2 + ν23 = 14− 16λ, ν1, ν2, ν3 ∈ N, ν1 ≡ ν3(mod 2).
Under notation (63) the equation (65) will written in the form (64), moreover
x, y, z ∈ N, x < y < z, z ≡ x+ y(mod 2).
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If z ≡ x+y(mod 2), then z2 ≡ x2+y2(mod 2). Then it follows from (64) that natural
number 14 − 16λ is even, what is equivalent (for λ < 0) to condition −8λ ∈ N.
Conversely, if −8λ ∈ N, then it is easy to see that it follows from equation (64),
where x, y, z ∈ N, that z ≡ x + y(mod 2). Therefore the number of solutions to
equation (65) is equal to L3(14− 16λ). 
7. Laplacian spectrum for groups Spin(5) and SO(5)
In work [4] is calculated the Laplace spectrum of Lie groups Spin(5) and SO(5),
where instead of ω¯1 was used ω = ω¯1 − ω¯2. But such questions as whether given
number is an eigenvalue of Laplacian and how much highest weights correspond to
one and the same eigenvalue of Laplacian, remained open. In this section we shall
calculate Laplacian spectrum without usage of ω and will give an answer to these
questions.
To Lie groups Spin(5) и SO(5) corresponds Lie algebra so(5) with root system
B2. We apply Table II. Simple roots are {α1 = ε1 − ε2, α2}. Positive roots are εi,
i = 1, 2; ε1 ± ε2. The sum of positive roots is equal to 2β = 3ε1 + ε2, whence
(66) β =
3ε1 + ε2
2
, α˜ + β =
5ε1 + 3ε2
2
.
1) b = 〈α˜ + β, α˜ + β〉 − 〈β, β〉 = 34
4
− 10
4
= 6.
2) (·, ·) = 1
6
〈·, ·〉.
3) Fundamental weights have the form {ω¯1 = ε1, ω¯2 = 12(ε1 + ε2)}.
4) Set Λ = Λ1ω¯1 + Λ2ω¯2 ∈ Λ+(so(5)), where Λi ∈ Z, Λi ≥ 0, i = 1, 2. Then
Λ + β = ν1ω¯1 + ν2ω¯2, where νi = Λi + 1, νi ∈ N, i = 1, 2.
By formula (5), eigenvalue λ(Λ), corresponding to highest weight Λ, is equal to
(67) λ(Λ) = − 1
6γ
[〈Λ + β,Λ + β〉 − 〈β, β〉] = − 1
24γ
(
(2ν1 + ν2)
2 + ν22 − 10
)
.
By formula (6), dimension d(Λ + β) of representation ρ(Λ), corresponding to
highest weight Λ, is equal to
d(Λ + β) =
(Λ + β, ε1)
(β, ε1)
· (Λ + β, ε2)
(β, ε2)
· (Λ + β, ε1 − ε2)
(β, ε1 − ε2) ·
(Λ + β, ε1 + ε2)
(β, ε1 + ε2)
.
We have
(Λ + β, ε1)
(β, ε1)
=
2ν1 + ν2
3
,
(Λ + β, ε2)
(β, ε2)
= ν2,
(Λ + β, ε1 + ε2)
(β, ε1 + ε2)
=
ν1 + ν2
2
,
(Λ + β, ε1 − ε2)
(β, ε1 − ε2) = ν1.
Consequently
(68) d(Λ + β) =
1
6
ν1ν2(ν1 + ν2)(2ν1 + ν2).
5) Simple roots and fundamental weights of Lie algebra so(5), indicated above,
define respective lattices Λ0(B2) and Λ1(B2) in the following way
(69)
Λ0(B2) = {Ψ1α1 + Ψ2α2 | Ψ1,Ψ2 ∈ Z} , Λ1(B2) = {Λ1ω¯1 + Λ2ω¯2 | Λ1,Λ2 ∈ Z} .
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After expressing roots via fundamental weights
α1 = 2ω¯1 − 2ω¯2, α2 = −ω¯1 + 2ω¯2
and changing variables Ψ1 = Ω1 + Ω2,Ψ2 = Ω1 + 2Ω2 ⇔
 Ω1 = 2Ψ1 −Ψ2,Ω2 = −Ψ1 + Ψ2
the lattice Λ0(B2) will have the following form
(70) Λ0(B2) = {Ω1ω¯1 + 2Ω2ω¯2 | Ω1,Ω2 ∈ Z}.
It follows from formulas (69) and (70) that Λ0(B2) ⊂ Λ1(B2) and Λ1(B2)/Λ0(B2) ∼=
Z2, i.e. it has prime order. This and corollary 1 imply that there is no other lattice.
The lattice Λ1(B2) corresponds to compact simply connected Lie group with Lie
algebra so(5), i.e. to Lie group Spin(5), while the lattice Λ0(B2) corresponds to
compact non simply connected Lie group with Lie algebra so(5), i.e. to Lie group
SO(5).
a) Let us present formulas, giving Laplacian spectrum of the Lie group Spin(5).
6a) By formula (69), the set of highest weights of the Lie group Spin(5) is equal
to
Λ+(Spin(5)) = {Λ1ω¯1 + Λ2ω¯2 | Λi ∈ Z, Λi ≥ 0, i = 1, 2} .
7a) Set Λ = Λ1ω¯1 + Λ2ω¯2 ∈ Λ+(Spin(5)), then Λ + β = ν1ω¯1 + ν2ω¯2, where
νi = Λi + 1, νi ∈ N, i = 1, 2.
8a) Applying formula (7) and results of preceding point, we get the following
multiplicity of eigenvalue λ(Λ)
σ(Λ) =
1
36
∑
Ω1
ν21ν
2
2(ν1 + ν2)
2(2ν1 + ν2)
2,
where
(71) Ω1 = {(ν1, ν2) ∈ N2 | (2ν1 + ν2)2 + ν22 = 10− 24γλ}.
The least by modulus non-zero eigenvalue of Laplacian is equal to − 5
12γ
and
corresponds to irreducible complex representation of the Lie group Spin(5) with
highest weight ω¯2. Dimension of this representation is equal to 4. Consequently the
multiplicity of the eigenvalue − 5
12γ
is equal to 42 = 16.
b) Present formulas, giving Laplacian spectrum of the Lie group SO(5).
6b) By formula (70), the set of highest weights of Lie group SO(5) is equal to
Λ+(SO(5)) = {Ω1ω¯1 + 2Ω2ω¯2 | Ωi ∈ Z, Ωi ≥ 0, i = 1, 2}.
7b) Set Λ = Ω1ω¯1 + 2Ω2ω¯2 ∈ Λ+(SO(5)), then by p. 4) eigenvalue λ(Λ) and
dimension d(Λ + β) are calculated respectively by formulas (67) and (68), where
ν1 = Ω1 + 1, ν2 = 2Ω2 + 1, νi ∈ N, i = 1, 2, ν2 ≡ 1(mod 2).
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8b) Applying formula (7) and results of preceding point, we get the following
multiplicity of the eigenvalue λ(Λ)
σ(Λ) =
1
36
∑
Ω2
ν21ν
2
2(ν1 + ν2)
2(2ν1 + ν2)
2,
where
(72) Ω2 = {(ν1, ν2) ∈ N2 | (2ν1 + ν2)2 + ν22 = 10− 24γλ, ν2 ≡ 1(mod 2)}.
The least by modulus non-zero eigenvalue of Laplacian is equal to − 2
3γ
and cor-
responds to irreducible complex representation of the Lie group SO(5) with highest
weight ω¯1. Dimension of this representation is equal to 5. Consequently the multi-
plicity of the eigenvalue − 2
3γ
is equal to 52 = 25.
Theorem 18. Let G = Spin(5) is supplied by biinvariant metric ν such that ν(e) =
−kad. A number λ < 0 is an eigenvalue of Laplacian on (G, ν) for one and only one
of the following cases (I or II)
I. 1) −3λ ∈ N;
2) natural number k = 10 − 24λ is a sum of squares of two mutually different
natural numbers.
Moreover the set of highest weights Λ, such that λ(Λ) = λ, is equal to L2(10−24λ).
II. 1) −12λ ∈ N, −12λ ≥ 5, −12λ ≡ 1(mod 2);
2) natural number k = 5−12λ
2
is a sum of squares of two different natural numbers.
In addition the number of highest weights Λ, such that λ(Λ) = λ, is equal to
L2
(
5−12λ
2
)
.
Proof. Following (71), let us consider Diophantine equation
(73) (2ν1 + ν2)2 + ν22 = 10− 24λ, ν1, ν2 ∈ N.
It is clear that if the equation (73) is solvable, then −24λ ∈ N.
Assume at first that the equation (73) has a solution (ν1, ν2) such that ν2 is an
odd number. After introducing notation x = ν2, y = 2ν1 + ν2 the equation (73) will
written as
(74) x2 + y2 = 10− 24λ,
where
(75) x, y ∈ N, x ≡ 1(mod 2), y ≡ 1(mod 2), x < y.
On the ground of proposition 5, if the equation (74) is solvable under condition
(75), then 10 − 24λ ≡ 2(mod 8), what is equivalent to condition −3λ ∈ Z, and the
number of solutions to the equation (74) is equal to L2(10− 24λ).
Let suppose now that the equation (73) has a solution (ν1, ν2) such that ν2 is even
number. It is clear that then 10 − 24λ ≡ 0(mod 4), what is equivalent to relation
−12λ ≡ 1(mod 2). In notation x = ν2
2
, y = ν1 + ν22 the equation (73) takes the form
(76) x2 + y2 =
5− 12λ
2
, x, y ∈ N, x < y.
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where (75). Therefore the number of solutions to equation (73) with even ν2 is equal
to L2
(
5−12λ
2
)
. 
Theorem 19. Let G = SO(5) is supplied by biinvariant Riemannian metric ν such
that ν(e) = −kad. A number λ < 0 is an eigenvalue of Laplacian on (G, ν) if and
only if the following conditions are fulfilled
1) −3λ ∈ N;
2) natural number k = 10 − 24λ is a sum of squares of two different natural
numbers.
Moreover the number of highest weights Λ, such that λ(Λ) = λ, is equal to L2(10−
24λ).
Proof. It follows from (72) and proof of theorem 18.

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